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Abstract

We solve second order parabolic equations with nonsmooth coefficients and ini-
tial data in suitable uniform spaces. We also show the smoothing effect of the
corresponding analytic semigroup depending on the integrability properties of the
coefficients. Robustness with respect to perturbations in the coefficients is also
obtained.
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Introduction

In this paper we address the solvability of some second order linear parabolic equations
in RY. In particular, we study the problem

(1.1)

Uy — ijl:l ag(z)OROyu + Zjvzl bj(x)0ju + c(x)u =0 r€e€RYN, t>0
u(0,7) = uo(z) xRV,

*Partially supported by Project MTM2012-31298, MICINN and GR58/08 Grupo 920894, UCM, Spain.



where the coefficients of the elliptic principal part of the equation are assumed to be
bounded and uniformly continuous, that is, ay; € BUC(RY). The lower order coeffi-
cients are assumed to have some local integrability properties and no asymptotic decay
as |x| — oo whatsoever. More precisely they are assumed to belong to some locally uni-
form Lebesgue spaces. To be more precise, let LY, (RY) denote the locally uniform space
composed of the functions f € L (RY) such that there exists C' > 0 such that for all

loc
To € RN
[ ursc (12)
B(zo,1)

[ fllzz @ny = sup || fllzo(Bzo.1))

endowed with the norm

IQERN
(for p = oo, LP(RY) = L®(RY)). Also define L?,(RY) as the closed subspace of L?,(RY)
consisting in elements which are translation continuous with respect to || - HL@(RN).

On the other hand, the initial data in (L)) will also assumed to belong to some uniform
Bessel space H IZJW’Q(RN ); see Section 2l for further details. Our goal in this paper is to prove

the following
Theorem 1.1 Assume for j=1,..., N,
||bj||LI;]J(RN) < Rj and ||C||L'II’JO(RN) < Ry

where p; > N and py > % Define ag = 0, aj = 1 and for 5 = 1,...,N and, p =
min{p;, j=1,...,N} > N. If ¢ <p and g > py, we will also assume py > NN—fq.

Then for any 1 < q < oo there exists non-empty interval 1(q) C (—3,1) containing
(=1 + max;{% + %}, 1 - maxj{%}), such that for any ~v € 1(q), we have a strongly
continuous, order preserving, analytic semigroup S(t) in the space lejy’q(RN), for the
problem

{“t — Yeam an(@)0%Au + Y bi(@)djute(xju =0 weRY, >0 (1.3)

uw(0,7) = up(z) xRN

with u(t; ug) = S(t)ug, t > 0.
Moreover the semigroup has the smoothing estimate

M.

-
=

'~ et

1Sl g, < ol gy >0, w0 € HERY)  (14)

for every v,y € I(q) with v >, and

M, et N
I @ullig ) < ol >0 weL®) (09

2\q r

or1l < q<r <oo with some M, ., M,,. and pu € R depending on R; and Ry.
vy Mg, j
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Furthermore,

a; N 1 1 N 1 1
(@)= (—14 max {4+ (=)}, 1 — —(— — ). 1.6
(@)= (14 max {4 S0 )b = s = ) (10)

Finally, if, ase — 0
b= by in LZ®RY), p;>N, j=1,...,N,

¢ —c in IPRY), py> N/2

then for every T > 0 there exists C(e) — 0 as € — 0, such that

Cle)
15:(8) = SOl zvagny szvany) < 77y YO<EST
forallv,~" € 1(q), v >~ and for all 1 < ¢ <r < oo,
S.(t) — S < Gl VO<t<T
15:(8) = SOl 2(ig @y, ir @y < oD 0<t<T.

A similar result, without the continuity with respect of perturbations in the coeffi-
cients, was proved in Theorem 5.3 in [3], assuming additionally that

p; >q>1, forj=0,...,N.

That result was later recovered in [5] with different techniques. The result in [3, 5] just
allowed for v > 0 in ([4]). Here, we remove such restrictions allowing in particular, a
larger class of initial data, since in (IL4]), v can be even negative. Also, with the additional
assumptions above, Theorem [[LT] recovers Theorem 5.3 in [3].

Note that the additional assumption in Theorem [Tl that “if ¢’ < p and ¢ > pg, we

will also assume py > Nqu” applies only when ¢ is large relative to the exponents p;,
= 0,...,N. For 1 < ¢ < N this imposes no additional restriction since in this range
J q p g
NN—fq < % Furthermore, since NN—fq < N for all ¢, if pg > N no additional assumption is

imposed either.

It is also worth mentioning that the estimates ((L4]), (L5) on the semigroups of solutions
of (L3)) are uniform with respect to bounded famillies of coefficients. Finally Theorem [[]
gives the continuity of the semigroups with respect to perturbations in the lower order
coefficients of (L3)).

The paper is organized as follows. In Section [2] we briefly recall the main properties
of uniform Lebesgue and Bessel spaces that will be needed hereafter. Suitable references
are given for the interested reader. Then in Section Bl we prove Theorem [LIl For this
we first consider the case in which b; = 0 and ¢y = 0, for which we use the results in [3],
[2] and [1]. Then we consider (L)) as a perturbation of the previous case and apply the
techniques in [5].

Along similar lines, fourth order parabolic problems have been analyzed in [4].



2 Some properties of uniform Bessel spaces

Consider the locally uniform space L{;(RY) for 1 < ¢ < oo defined as in (IL2)) and denote
by L{;(RY) the closed subspace of L{;(RY) consisting of all elements which are translation
continuous with respect to || - [|zg mw). That is

|7y® — &g @vy = 0 as [y| =0,

where {7,y € R} denotes the group of translations in R". With this we get LI(R") C
LIL(RY) for 1 < ¢ < oo and for ¢ = oo we get L(RY) = L*(RY) and LF(RY) =
BUC(RY).

Thus we introduce the uniform Bessel-Sobolev spaces H(]j’q(RN), with £ € N, as the
set of functions ¢ € H,"4(RN) such that

H(bHHl’j’q(]RN) = f;gj’v H¢|’H’w(3(x,1)) < 00

for k € N, where H*9(B(x,1)) is the standard Bessel space. Then denote by H;¢(RN)
a subspace of H, 5’q(RN ) consisting of all elements which are translation continuous with
respect to || - ||Hk,q(RN), that is

U

”Ty(b - ‘bHHl’j’q(RN) — 0 as |y| —0

where {7,,y € RV} denotes the group of translations.

To construct intermediate spaces of noninteger order, consider the complex interpo-
lation functor denoted by [-, -]g, for 6 € (0,1), see [0] for details. Then for 1 < ¢ < oo,
ke NU{0} and s € (k,k+ 1) we define 6 € (0,1) such that s = 6(1+ k) + (1 — 0)k, that

is # = s — k. Then one can define the intermediate spaces by interpolation as

Hy"(RY) = [Hy ™ (RY), Hy1(RY)], (2.1)
and
Hy'(RY) = [Hy ™ (RY), Hy"(RY)]p. (2.2)

For details on this construction, see [2] 3.
Using Proposition 4.2 in [3] it is easy to see that the sharp embeddings of Bessel spaces
translate into

Ly®RY), s =5 > - 1<r<oo ifs—2<0
HHURM) c { Ly (RY), 1 <7 < oo ifs—%:O (2.3)
CH(RY) ifs—=5>n>0

In [3], the Laplace operator was considered in the scale of spaces Hj*(R™) and
H(‘SJ’Q(RN ), s > 0, and it was proved that —A defines an analytic semigroup. However
in the “undotted” spaces the semigroup generated by —A is analytic but not strongly
continuous. These spaces are less convenient to use because smooth functions are not
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dense in them; see [3]. It was moreover proved in [3, Theorem 5.3, pg. 290], that for
some pu € R, —A + pl has bounded imaginary powers in L;’](RN ), and therefore the
interpolation spaces Hfj’q(]RN ), s > 0, coincide with the fractional powers ones; see [2
V.1.5.13, pg. 283|. Also, note that from the results in [3] we have in particular that
HY(RN) = [HFYRN), LE(RN)] o; see Remark 5.7, page 291 in that reference. From
this reiterations properties of interpolation gives that H;(RY) = [HZY(RN), L (RN)],
for 6 € [0, 1].

The uniform spaces above can be extended to negative indexes by a general extrapo-
lation procedure as in [2]. In this way one can define the extrapolated space H (;k’q(RN )
as the completion of LY (RY) with the norm ||(—A + [)*k/QuHL?J(RN). Again, by complex
interpolation, for 0 < s < k, k € N, the intermediate spaces are given by

s . . . S
Hy " "(RY) = [L(RY), A" (RY))p,  with § = 7

Note that because of the reiteration property of the complex interpolation (see (2.8.4) in
page 31 in [2] and Theorem 1.5.4 in [2]) this definition of H;**(RY) does not depend on
k.

For the standard (not uniform) Bessel spaces, there is a simple characterization for
the spaces with negative indexes using duality and reflexivity, see [2, V.1.5.12, pg. 282].
However, since the uniform spaces are not reflexive, even for ¢ = 2, there is no simple
characterization of the uniform spaces with negative indexes. However the following result
which was proved in [4, Proposition 3.1] turns out to be very useful in what follows. Note
that this result is formaly the one we would expect by duality if the spaces were reflexive.

Lemma 2.1 The following embedding holds

: : N N
L2 (RY) — H>YRY), if s——>-—, s>0.
q p

3 Parabolic equations in uniform spaces

In order to prove Theorem [T we first recall some results from Section 5 in [3]. Consider

the operator
N

Ay ==Y an(z)d0,

k=1

where we assume ay; € BUC(RY). Hence, for some modulus of continuity w, we have the
norm

|agj(z) — akj(y)|.

lai|| Bro@y wy = sup |ag;(z)] + sup (3.1)
! ( ) {L’GRN ! z,y;}RN w(|x - y|)
TFY

We also assume the following ellipticity condition: for some constants M > 0 and 6, €
(0, %), the following holds

1
Ap(x, &) > T 0, |arg(Ag(x,&))| < by, for all z,¢ € RY with |¢] = 1. (3.2)



Note that M can be chosen such that ||ay;||suc@y ) < M. Finally, we will assume

/1 wl/z(t) dt < co. (3.3)

Note that these assumptions are satisfied for the case ay = 0y, i.e. when Ag = —A.
Under these assumptions we get the following.

Proposition 3.1 Under the above assumptions, for any 1 < q < oo and € R, the
problem
{“t - Zfﬁlzl a(7)0rOu = 0, reRY t>0 (3.4)

u(0) = ug
where ug € HEP(RN), has a unique solution u(t; ug) that satisfies the smoothing estimates

Ma,ﬁemt 72
lu(t wo)ll zeaery < —o=g—lluoll yzpaeny, >0, uo € Hi(RY) (3.5)

for any a > [, with some pg > 0 which depends only on q, M and 0.
In particular, setting u(t;ug) = So(t)ug for t > 0, defines an order preserving, c°
analytic semigroup So(t) in HIQJB’q(]RN).

Proof. Because of Theorem 5.3 in [3], for any 1 < ¢ < 0o, Ay generates an analytic semi-
group in L¢(RY) with domain H;*(RN) which, for some y € R, Ay — uI has bounded
imaginary powers. Thus the complex interpolation spaces (Z2]) coincide with the frac-
tionary power ones; see Theorem V.1.5.13, pg. 283 in [2].

Then as a consequence of the techniques in chapter V.1 in [2] we have that in fact
a suitable extension of A, generates an analytic semigroup in Hg’q(RN ) with domain
H 5%1”(]1%]\[ ) and the solutions of ([3.4) satisfy [3.3). Hence, Sy(t) is a C° analytic semigroup
in HJ(RY).

The fact that po depends only on ¢, M and 6y, follows from [3] and the results in [2]
quoted above.

For the order preserving property, recall from [I] that for coefficients ay,(z) as above
and regular initial data, if ug > 0 then S(t)ug > 0 for all t > 0. Now, for ug € Hj/(RN)
take {uf}nen regular such that uf — wug then Sy(t)uf — So(t)up and since Sy(t)ug > 0
for all n € N then Sp(t)up > 0. Note that this can be done because we are using the
“dotted” spaces, where regular functions are dense. m

To use this result for Ay we consider (1)) as a perturbation of ([3.4]). First, from
Lemma 26 in [5], we have

Lemma 3.2 i) Assume that m € LY, (RY), then the multiplication operator
Pu(z) = m(z)u(x)
satisfies, for r > p' and % = % + %, that

P e L(Ly([RY), Ly(RY)), I Plley @),y @yy < Cllmllzy @y
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i) If moreover m € L¥.(RN) we have for v > p' and =14 %, that
Pe L(UU<RN)7LSU<RN))7 ”PHL(UU(RN),L',SJ(RN)) < CHm”L’,;(RN)-

Combinig this with Lemma 2] we get, denoting by (z)_ the negative part of a real
number z, and by D* any derivative of order a € N, the following result.

Proposition 3.3 Let Pu = d(z)D%u, with d € L¥(RY), a € N and let s > a, o > 0.
Then for 1 < q < oo, if

N N N
s—a——)_+(c——)_ > —— 3.6
( . )- + ( q,) p, (3.6)
we have
P e L(HF'(RY), H;7(RY)), HP”E(H[SJ"Z(RN),HE""Z(RN)) < Clldll iz @v)-

Proof. First note that u € HyY(RY), thus D% € Hj, “Y(RY). Because of (30 we can
choose r,p > 1 such that (s —a — %)_ >~ and (0 — qﬂ) > ﬁ, with 1-1 +% (and
sor>7p).

Therefore we can use the inclusion Hy, “Y(RY) < Lt,(RY), see (Z3)), and then because
of Lemma B2 we get P,u € L§(RY). Now we use the inclusion Lf,(RY) < H,7(RY)
from Lemma 2.1l and we get the result. m

Thus we get the following result for second order operators, where A is perturbed by
some lower order term.

Theorem 3.4 Let a € {0,1}, d € L} (RY) be such that ldllip vy < Ro with p > S
Then for any 1 < q < oo and any P as above there exists an interval I(q,a) C (=1+5,1)

containing (—1+5+ é\;, 1— 2p) such that for any vy € I(q,a), we have an order preserving,

stronlgy contmuous, analytic semigroup Sp(t) in the space H27 (RN, for the problem

ug + Agu +d(x)Du =0, z€RN t>0 (3.7)
u(0) = g in RY, '
with u(t; ug) = Sp(t)ug, t > 0.
Moreover the semigroup has the smoothing estimate
M / €'ut .
ISp(tVuoll o aqamy <~ luollgzraany, ¢ >0, uo € HYRY)  (38)
for every v,~" € I(q,a) with v > =, and
Mq 7’6 rq N
1Sp(t)uol iy @y < t%(iHuOHLq ®vy, >0, uo € Ly;(R™) (3.9)
q 7‘

orl <q<r <oo with some M, ., M,, and € R depending on M, 0y and Ry.
v
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The interval 1(q,a) is given by

a N, 1 1 N 1
I S T ST A

Finally, if, ase — 0

d. —d in L}(RY), p>

2—a

then for every T > 0 there exists C(e) — 0 as € — 0, such that

HSPE (t) - SP(t)”,C(I"I?]’Y’q(RN%HIQJ’Y/’Q(RN)) S t,y/_,y7 Vo<t S T
forall v,~" € I(q,a), ¥ > and for all 1 < ¢ <r < o0,
Cle)

1Sp.(t) = Sp(t)ll is @y, iy @Yy < prape—y VO<t<T.

Proof. We first prove (B.8) and for this we follow several steps.
Step 1. Denote X, := H;™(RY), a € R. If we assume for a moment that (30 is
satisfied for some s > a and o > 0, then, by Proposition 3.3l we would have

Pe £<Xs/27Xfo/2)7 ”PHﬁ(Xs/%Xfom) < CHd”LPU(RN)

Hence we can apply Proposition 10 in [5] with @ = /2 and 8 = —o/2 provided 0 <
a — f < 1, that is, s + 0 < 2. This result gives a solution of [B.1), u(t;ug) = Sp(t)uo,
t > 0, satisfying (B8) for any v € E(«) := (« — 1,a] and v € R(B) := [3,8 + 1) with
7' > 7. Note that we can always take at least v,7' € [3, a].

Step 2. To determine the set of pairs (s, o) satisfying (8.6) and s + o < 2, we define

N N

§=s—a—— and c=0-—, (3.10)

N N N
— —— <5 4o, s+0c<2—a—N. (3.11)
P
Note that this region is nonempty since —N < —g < 2—a— N because p > %
The set of admissible parameters (3,5) given by (B.II)) depends on the relationship
between ¢, ¢ and p. Note that (3.I1]) defines a planar trapezium—shaped polygon, P,
whose long base is on the line s + 6 = 2 — a — N and the short base is on the line

s+o = —g in the third quadrant. As for the lateral sides note that the restriction

—% < 5_ + o_ adds the condition that s > —% in the second quadrant and ¢ > —g
in the fourth. These have to be combined with s > —% and ¢ > —%. Therefore the



Figure 1: Admissible § and & with p > ¢, ¢

o

Va2

2|z

lateral sides are given by the lines § = max{—— ——} and 0 = max{—— %} One of
the possible cases is depicted in Figure [Tl
In any case, projecting P onto the axes gives the following ranges for s and &

N N N N
§ € [max{——,— } 2—a—N — max{—— ——1
o q

N N N N

o € max{——, — 2—a—N —max{——, ——
{7, .

Note that, by (8.10), the polygon P transforms into a similar shaped polygon P which
determines the region of admissible pairs (s,0). Thus the projection ranges for s and o
are given by

N N N N

s€.Ji= [GJF(E—?)JF,?—(?—?)JJ (3.12)
N N N N

o€y = [(?—?)%2—@—(;—?%)- (3.13)

Step 3. Now we perform a bootstrap argument with the solutions of (3.7).

For any (sg,00) € P the line s + 0 = 59 + 0¢ := ko < 2 intersects P along a segment
S(s0,00) which, using [BI2), (BI3), can be parametrized in terms of s € Jy(ky) =
la+ (5 — )4 ko — (5 = 5)+)-

Then take (s,0) € S(so, ao) with s > sg, hence o0 < 0y, and such that sy < s <4 — 0y
which 1mphes that R(—%2)NE(3) # (0. Then, using Sp(t) = Sp(t/2)oSp(t/2) and taking
v € R(=%)N ()#@Wlth7>7weget

N et/
”SP<t>u0”H['}”7II(RN) S WHSP<t/2>uOHHV \q (RN) S (314)



N er(t/2) N en(/2) Ment
2= (ajayr= ol = g ol

that is, @) for v € B(%) = (% — 1,%] and 7" € R(=5) = [=5,~5 + 1), 7" > ' > 7.
and M depending on v and ~".

Note that so < s < kg — (g — §)+ <ky<2<4—ky<4—o0pso all conditions above

are met. Also, as we take s € [sg, ko — (% - §)+] and o = ko — s, we get

1

Ve U o 0o 1N N

S 1= 5= =) (3.15)

{o=ko—s, s€[sq,ko— (ﬂlfg)-k}}

So, as (sg, 00) range in the region P, from (B.10) we get ([B.8) for

inf J; | Sup J1 sup Jo inf J,

— "e[- 1- ' >
7€ (=5 s Vel R
which, after a simple calculation, reads
N, 1 1 N 1
9 /e-[ ) - 1 - ) 71_____
17 €dg.a) = (14 G+ G =)l =50 - )

which concludes the proof of ([B.8]).

For the estimates in uniform Lebesgue spaces, ([B.9), we use the Sobolev inclusions
([Z3). First note that for any 1 < ¢ < oo, I(g,a) D (—=1+ § + ool — —) which does not

depend on ¢ and is not empty because p > % Let y:=1— % > 0 and take 0 < v < 7,

thfn HZIRNY < LI(RN), for § > ¢ such that —% =2y — %, ie. % - é = 21 and we
ge
M. et
1Sp(t)uoll g gy < CllSP()uoll g2ra@ry < WHUOHL‘I ®RV)-

In part1cular we can take 0 <~y < 1 and we get the estimate above for all ¢ > ¢ such that

é —1¢€0,2] and this interval does not depend on q.

Relteratmg this argument startlng with rp := ¢ and defining the numbers r;, 1 =
1,2,3,... such that i = +, we obtain the estimate above for any ¢ > ¢ such that

q € lq, T2+1] Hence, in a finite number of steps we can reach any ¢ with ¢ < ¢ < oco.

The convergence of the semigroups is a direct consequence of [5, Theorem 14] | since
Proposition gives that if d. — d in L¥(RY), then P. — P in L(Xs/2, X _52) for any
pair of admissible (s,0) € P. The case of Lebesgue spaces follows from this as well.

The order preserving property is obtained by approximation as in Proposition B.l
From [I], for smooth enough coefficient d and regular initial data, if ug > 0 then Sp(t)uy >
0 for all ¢ > 0. Now, for ug € H/(RY), with v € I(g,a) and d as in the statement take
d, and {u?}nen regular such that d, — d in L (RY) and ul — ug in H/(RY). Then
Sp, (t)ug — Sp(t)up and therefore Sp(t)uy > 0. Note again that this works because we
are working with the “dotted” spaces, where regular functions are dense.

Finally, the analyticity comes from [5, Theorem 12]. m

Now, we can combine several perturbations simultaneously.

10



Remark 3.5 For the problem

up — Z]k\flzl ag ()OO + Zjvzl bj(z)0;u =0 reRY, t>0
u(0) = uyg

with b; € ij (RN) with p; > N, since the uniform Lebesque spaces are nested we have

.....

Proposition with such p and a = 1. Thus Theorem remains valid for the problem
above.

When we combine zeroth and first order terms, we get the following result which
proves Theorem [Tl

Theorem 3.6 Assume for j=1,..., N,

;11 73 vy < Ry andlcllzo @y < Ro

where p; > N and py > % Define ag = 0, aj = 1 and for 53 = 1,...,N and, p =
min{p,;, j=1,...,N} > N. If ¢ <p and g > py, we will also assumep0>NN—fq.

Then for any 1 < q < oo there exists non-empty interval 1(q) C (—3,1) containing
(=1 + max;{% + %}, 1 - maxj{%}), such that for any v € I(q), we have a strongly
j j .
continuous, order preserving, analytic semigroup S(t), in the space HIQJ%q(RN), for the
problem

ur = Ymioy an(2) 00+ 0 bi(2)dju+ c(@)u=0 xRN, t>0 (3.16)
u(0,2) =up(z) zeRY '
with u(t; ug) = S(t)ug, t > 0.
Moreover the semigroup has the smoothing estimate
M., ettt .
IS0l gy < ol gy, €3> 0, o € HE(RY) (3.17)
for every v, € I(q) with v > ~, and
M, et 0N
1S@uol iy @y < T luollio @ny, >0, uo € LG(R™) (3.18)
U 12 (q T) U
for1 < q <r < oo with some My ~, My, and i € R depending on M, 0y, R; and Ry.
Furthermore,
a; N 1 1 N 1 1
I(q)=(—1+ max {ZL+ —(— - ) }H1—-— ——)4). 3.19
(@ =14 max (T4 T =D - Gl - ) (319)

Finally, if, ase — 0

b= by in LPRY), p;>N, j=1,...,N,

11



& —=c in IPRY), po>N/2
then for every T > 0 there exists C(e) — 0 as € — 0, such that

- C(e)

15:(8) = SOl zragny szvany) < 77y YO<EST
forall v,~" € I(q), v > and for all 1 < q <r < o0,
C(e)

15:() = Sl (g @), i @y < Ty VO<t<T.

Proof. Consider the lower order terms as perturbations Pju := b;0;u, Pyu := cu. As in
the proof of Theorem [3.4] for each perturbation P; there exists a non empty trapezoidal
polygon P; of admissible pairs of spaces (s, o) described in terms of § = s — a; — % and

og=0— %, see (B11)).

According to Lemma 13, iii) in [5], we can consider P := Z;V:o P;, that is, all pertur-
bations acting at the same time, if there exists a common region P of admissible pairs
(s,0), that is if P := N} P; # ().

Recall from the proof of Theorem [3.4] that the polygon P; of the perturbation P; is
given by a planar trapezium whose long base is on the line s + 0 = 2 and the short base
is on the line s + 0 = a; + pﬂj in the third quadrant. Also, the lateral sides they are given

by the lines s = a; + (% — %), and o = (57 — 7). Thus the projection of P; on the axes
J J
give the intervals
SGJ{:[S%,LZ”,Q—U] ) and O-EJg:[o-Jnmn’Q_S] )

see (BI2) and ([BI3). Therefore, the set P is non empty if and only if

max{inf J/} < min{sup J/} ie max{s, ,} <min{2 -0’ 1
J J J J

and
max{inf JJ} < min{sup JJ} i.e. max{o’, } <min{2 s/}
J J J J
which are equivalent to max;{s/ , } +max;{c’ . } < 2, that is,
N N N N
max {a; + (— — — + max {(— — — < 2. 3.20
e oy 4 (= 0+ max {00 =) (3.20)
We prove below that this condition is always satisfied; see Lemma 3.9
Assuming this for a while, the projection of P = ﬂ;V:O P; on the axes gives the intervals

. : N N N N
s € Ji = [max(inf J7), min(sup 7)) = [max{a; + (~ — )5}, 2 — max{(~ — ~).})
J J J Dj q J Pj q
. } N N N N
0 € Jp = [max(inf J3), min(sup J3)) = [max{(— — —), },2 — max{a; + (— — —)1}).
J J J Dj q J pj q

12



For each pair of admissible pairs ( o) € P, by [B, Proposition 10] (see the proof of
Theorem B.4) with a = § and 3 = —%, we get a solution of (B.I6) satisfying (8.17) for

yEE(@)=(a—-1,0], A~ e€RB)=[3+1), >

Hence as (s, o) range in the region P a repeated bootstrap argument as in (3.14]) gives
that the smoothing estimates hold for v € (J, ,ep £(s/2) and v € U 5yep B(—0/2),
7" > ~. This leads to

inf .J; sup Jq sup Jo inf J,
fye( 2 _17 2 ]7 f}/e[_ 2 71_ 2 )7 7/27

which, after a simple calculation, reads

YLl Niﬂ 1)),

1
Y el 1+ma 4 — — — )4}, 1 —max{— -
3y € 1(0) = (1m0 )b - mad G-
which gives (B19). Note that this interval is contained in the interval (—%, 1) and contains
(—1+ man{ﬂ i} 1-— maxj{%}) which is independent of ¢ and non empty because
pj > . To see thls note that the latter condition gives & +— <1 and < 1-2 <1
The estlmates in uniform Lebesgue spaces (B.I8) are obtalned using Sobolev embed—
dings as in Theorem [3.4
The order preserving property is obtained by approximation with smooth coefficients
and initial data as in Theorem B4l Finally, the analyticity comes from [5, Theorem 12].
]

Remark 3.7

i) Note that the interval in (313) is in fact the intersection of the intervals of each separate
perturbation as obtained in Theorem[3.4)

ii) The additional assumption in Theorem [3.8 that “if ¢ < p and q > py, we will also

assume pg > N+q 7 applies only when q s large relative to the exponents pj, j = (), ..., N.
Also, for 1 < q < N this imposes no additional restriction since in this range ~—- N+q < %

Furthermore, since —- < N for all q, if po > N no additional assumption is imposed

N+q
either.

Remark 3.8 If we assume that p; > q for j =0,...,N as in Theorem 5.3 in [3], then
Theorem [Z8 applies and we get in (313) an interval

N 1

I(q) = <1+]I%??3N{ 2(pj q)+} 1)

Since this interval contains 0, then Theorem[34 recovers Theorem 5.3 in [3] and improves
it since in (317) we can even take v slightly negative.
This case includes the case in which b; and cy are bounded functions.
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Now we prove our claim about (B.20]).
Lemma 3.9 With the assumptions in Theorem [3.4, condition (320) is satisfied.

Proof. Observe that denoting p = min{p,;, j = 1,...,N} > N and p = min{p;, j =
0,...,N} = min{po, p} > &, then B20) can be written as

N N N N N N N
max{(— — — )4, 1 + (= — — + max{(— — — )4, (=
G, et G- 7G5

To prove the lemma we prove that all for possible sums of the terms inside the “max”

above are less than 2.

L Let M= (0= 5) + (F = 5),

(a) If ¢,¢ < po then M =0 < 2.
/ - N_N_N
(b)Ifq<p0<qthenM—p0 7 < <2
/ _N_N_N
(c) If g <po < qthen M =% — & < 20 < 2.
)

/ __ 2N _ N _ N
(d) If po < q,q then M =25 — N = - — 5 < -

2. Let M = (& =), + (5 - 5),

(a) If ¢ < po and ¢ < p then M = 0.
/ ~ _ N N _N
(b) If po < ¢ and g < p then M = &= — & < = <2
(c) Ifq’<poandq>ﬁthenM:%—%<%<1
/ 5 - N _ N _ - N_N_N
(d)pr0<qandq>pthenM—p0+ﬁ N =3 p6<13<1’

3. Let M =1+ (5 =), + (& -2,

(a) If ¢ <pand g < py then M = 1.

(b) Ifﬁ<q’andq<p0thenM:1+%—%<1+%<2.

(¢) If ¢ < pandq > po thenM:1+pﬂ0—% < 2 because py > NN—fqby assumption.
S _ N | N _ N _ N N

(d) If p<gq andq>p0thenM—1+§+p—0—N—1+§—p—6<1+§<2.

4 Let M =1+ (5 =5) + (5 - 5)

(a) If ¢/, q < p then M = 1.

(b) Ifq<ﬁ<q’thenM:1+%—g<1+%<2.

(c) Ifq'<;5<qthenM:1+%—%<1+%<2.
)

~ / — 2N N — N __ N N
(d Iftp<qqthen M =14+5-N=1+5—-5<1+5 <2
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